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Abstract. We define abelian extensions of algebras in congruence-modular varieties. The 
theory is sufficiently general that it includes, in a natural way, extensions of i?-modules for 
a ring R. We also define a cohomology theory, which we call clone cohomology, such that 
the cohomology group in dimension one is the group of equivalence classes of extensions. 



Introduction 

The theory of abelian extensions of algebras has a long history, going from abelian exten- 
sions of groups and modules to abelian extensions of algebras in arbitrary varieties. Exten- 
sions of modules and abelian extensions of groups and Lie algebras are standard topics in 
treatises on Homological Algebra. The similarity of the situation for groups and Lie algebras 
points to a common generalization, which is our goal in this paper. Previous attempts at 
such a generalization, and related work, can be found in [6], [9], [1], [3], [2], [12], [13], [5], 

[16]- ' " ^ 

The most general treatment of which we are aware, in [3], treats abelian extensions in the 
generality of an algebra in an arbitrary variety of algebras, and a Beck module over that 
algebra. (A Beck module over A in a variety V is an abelian group object in the category 
(V I A) of algebras over A.) 

Our treatment is less general because we require V to be congruence-modular. However, 
the apparatus of commutator theory, in particular, the existence of a difference term, allows 
us to prove an important lemma (lemma |3.2| ) which lets us work with a simpler and more 
conceptual definition of an extension than that in [3]. We are also able to treat module 
extensions with the same theory, in a fairly natural way. 

In both cases, there is an associated cohomology theory, the cohomology group in dimen- 
sion one being the group of equivalence classes of extensions. We have shown that these 
groups are isomorphic for V congruence-modular, but will not give the proof in this paper 
as it is quite tedious. The theory in [3] (and also [1] and [2]) is called comonadic cohomology, 
and we call ours clone cohomology. 

We frame our theory not in terms of algebras over A, and Beck modules over A, but of 
objects in equivalent categories we call the category of A-overalgebras and the category of 
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abelian group A-over algebras. We will briefly explain our reasons for doing so at the end of 
§|1], where these categories are defined. 

The theory of abelian extensions is interesting because it organizes, from a certain point 
of view, the possible structures of a class of algebras, related to A (or an A-overalgebra Q) 
and an abelian group A-overalgebra M, into an abelian group, functorial in a way that we 
will discuss in §|S]. Also, that abelian group is a cohomology group for a suitable cohomology 
theory derived from A and M. 

After a section of preliminaries, §|I] of the paper defines the categories of A-overalgebras 
and abelian group A-overalgebras. §0 sketches the theory of enveloping ringoids very briefly, 
and is included to show how that theory can be applied to constructing abelian group A- 
overalgebras free on an A-tuple of sets of generators. §^ defines abelian extensions and 
performs some preliminary analyses of them. §^j defines and explores the formalism of factor 
sets of extensions. §|5] introduces the definition of equivalence of extensions, and defines the 
set E v (^4, M) of equivalence classes of extensions. then shows how the set of equivalence 
classes of extensions can be seen as a cohomology group. §|7] explores composition operations 
between abelian extensions and homomorphisms, and §[| discusses the group law in the set 
of equivalence classes of extensions. §|9| contains a reformulation of the definition that defines 
Ev(Q, M) for an A-overalgebra Q and abelian group A-overalgebra M, functorially in Q 
and M. § |T0| shows how module extensions can be treated. § |TT| presents a cohomology theory 
we call clone cohomology because its definition intimately involves the clone of the variety V 
to which A, Q, and M all belong. § [T2| explores varying the variety V used in defining clone 
cohomology, giving relative clone cohomology. Finally, we pose a number of questions that 
seem important to ask about this theory, and about the relationship of clone cohomology 
and comonadic cohomology. 

0. Preliminaries 
Category theory. We follow [10] in terminology and notation. 

Homological algebra. We assume a familiarity with concepts and conventions of homo- 
logical algebra, such as can be found in [11], [8], and [17]. 

Universal algebra. We assume the basic definitions of universal algebra, such as can be 
found in [4] , are known to the reader. Unlike some authors, we admit the possibility that an 
algebra can have an empty underlying set. 

The kernel congruence of a homomorphism / will be denoted by ker /. The other sort of 
kernel, / _1 (0), will be denoted by Kef. 

We denote the greatest and least congruences of A by and -La, and the identity 
homomorphism of A by 1a- Basic operations or term operations of A will occasionally be 
denoted by u A or t A , but we almost always drop the superscript. 

If A stands for an algebra, we use U(A) to stand for the underlying set of the algebra. 
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Clones. A clone is an N-tuple of sets V n (the n-ary elements of the clone V) such that for 
each n, and each % with 1 < % < n, there is an element G V n , called the i th of n projection, 
and such that, for each n, each n'-tuple v of elements of V n , and each v' G V n >, there is an 
element v'v G V n , called the clone composite of v' and v, satisfying 

2. u(tt£,... ,7r^ n ) =u, and 

3. it(vw) = (itv)w, 

whenever the relevant compositions are defined, (vw stands for (i>iw, . . . , v n w) if v is an 
n-tuple.) 

As an example of a clone, given a set S, we have the clone of S, denoted by Clo S. Clo n S 
is the set of n-ary functions from S to S, ^^ oS is the n-ary function on S choosing the i th 
of its n arguments, and given n, n', an n'-tuple of n-ary functions f , and an n'-ary function 
/', the clone composite f'i is the function defined by 

B->/'(/l(s),... ,/„,(s)). 

Another example of a clone is the clone of a variety V, denoted by CloV. Elements of 
Clo n V are equivalence classes of n-ary term operations of the algebras in V, where terms t 
and t' are equivalent if t(x) = t'(x) is an identity of V. 

If V, V are clones, a homomorphism of clones from V to V is an N-tuple / of functions 
fn'-Vn^ V n i sucn that for all i and n, f n ijY n ) = n Yn > an d f° r & h n an d n ', v £ KT , an d 
u' G K', we have f n '(v')f n (v) = f n {v'v). 

An algebra A in a variety V is the same as a clone homomorphism from Clo V to Clo S, 
where S is the underlying set of A. 

A clone V can be viewed as a category with one object for each natural number. The 
arrows from n to n' are n'-tuples of elements of V n , and the identity of n is (^Y n , ■ ■ ■ ,^n n )- 
In the resulting category, n is the n-fold direct power of 1. Thus, the category is what is 
often called a theory. 

The modular commutator. In a congruence- modular variety V (i.e., such that for all 
A G V, Con A is a modular lattice) the congruence lattices admit a binary operation, called 
the commutator, that generalizes some well-known operations such as the commutator of two 
normal subgroups of a group. A comprehensive treatment of the theory of this operation, 
and related matters, can be found in [7]. 

The commutator of two congruences a, f3 G Con A is denoted by [a, f3\. A congruence a 
is said to be abelian if [a, a] = -La- 

One definition of the commutator is as follows: If A G V, a congruence-modular variety 
of algebras, and 9, ip G Con A, then [9,vp] is the least congruence such that for all n, for all 
(n + l)-ary terms t, for all a, a' G A such that a 8 a', and for all b, c G A n such that 6j ip Ci 
for all i, we have 



t(a,b) [9,ip] t(a,c) 
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implies 

t(a',b) [9,ip] t(a',c). 

Difference terms. If V is a congruence-modular variety of algebras, a ternary term d is 
called a difference term for V if 

1. d(x, x,y) — y is an identity of V, and 

2. for all A G V, 9 G Con A, and x, y G A such that x 9 y, we have <i(x, y, y) [6 1 , 9] x. 
At least one such term exists for any congruence-modular variety. 

V-objects in a category. If C is a category, and V is a variety of algebras, a V-object in 
C is a pair (c,F), consisting of an object c G C, and a contravariant functor F : C — > V, 
such that UF = C(-,c), where C/ : V -> Set is the forgetful functor. If (c, F) and (c', F') 
are V-objects, a homomorphism of V- objects from (c,F) to (c',F') is an arrow / : c — > c' 
such that for each object d G C, the function C(d, f) : C(d, c) — > C(d, d) is the underlying 
function of a (necessarily unique, since U is faithful) arrow / : F(d) — > F'(d). 

V-objects in C, and the homomorphisms between them, form a category in an obvious 
manner, which we denote by V[C]. 

I. The Categories A-Set, Ov[A,V], and Ab[A,V] 

The category of A-sets. Let A be an algebra. We define an A-set to be a U (A)-tuple of 
sets. If S is an A-set, we will denote the member of the tuple corresponding to an element 
a G A by a S. If S, S' are A-sets, an A-function from S to S' is a U (A)-tuple / such that the 
element corresponding to each a £ A, which we denote by a f, is a function from a S to a S'. 
We write / : S — > S'. A-sets and A-functions form a category, A-Set, in an obvious manner. 

Overalgebras. If A is an algebra, an A-overalgebra is an A-set Q, such that for each n, 

and each n-ary basic operation uo of the type of A, there is a C/(A) n -tuple of functions 
<5 x . . . x an Q -> w(a) Q. 
In what follows, we will write a Q for the product ai Q x . . . x an <5- Thus, cj^ : a Q — > w ( a )Q- 
If Q, <5' are A-over algebras, a homomorphism of A- overalgebras from Q to Q' is an A- 

function / : Q — > Q' such that for each n, each n-ary basic operation u, each a G A n , and 

each q G a Q, we have 

«(.)/(w?(q))=o;?U(q)), 

where a /(q) stands for ( ai /(?i), • • • , a „/(?n)>- 

A-overalgebras and their homomorphisms form a category in an obvious manner, which 
we denote by Ov[A]. 

For an example of an A-overalgebra, let (B, ir) be an object of the "comma category" 
(fi-Alg | A) of algebras over A. That is, let B be an algebra of the same type Vt as A, 
and let n : £> — > A be a homomorphism. Then we define the A-overalgebra \B, n] by 
a {B,n\ = n-\a) and J^\h) = u B (b). 
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If Q is an A-overalgebra, we define the total algebra of Q, denoted by A x Q, to be the set 
of pairs { (a, q) : a G A, q G a Q }, provided with operations defined by 

u;((a 1: gi), . . . , (a n , g n )) = (w(a), w£(q)); 

we say that an A-overalgebra Q is totally in V, where V is a variety of algebras of the type 
of A, if A x Q G V. 

If Q is an A-overalgebra, then accompanying the total algebra A K Q there is a homomor- 
phism 7Tq : A x Q — > A, defined by (a, q) i— > a. It is clear that Ov[A,V] is equivalent as a 
category to the category (VIA). One leg of an equivalence takes an A-overalgebra Q to 
(A ix Q, 7Tq). The other leg takes an algebra over A, 7r), to [£>, 7r]. 

There is an evident forgetful functor from Ov[A, V] to A-Set. To construct an A- 
overalgebra free on an A-set S (i.e., the value of the corresponding left adjoint functor) 
form a free algebra F on a disjoint union of the a S, (a free algebra in V, that is, also 
known as a relatively free algebra), and map the generators to A in the obvious way, giving 
a homomorphism n : F — > A. The A-overalgebra {F, 7r] is then free on S. 

One-one and onto homomorphisms of A- over algebras. If / is a homomorphism of 
A-over algebras, then we say that / is one-one if each a f is one-one, and we say that / is 
onto if each a f is onto. If / is both one-one and onto, then it is an isomorphism in the 
category of A-over algebras. 

A-operations. Let A be a set, and oo an n-ary operation on A. If S is an A-set, then an 
A-operation on S, over uj, is a £/(A) n -tuple u/ of functions oo' a : a S — > C0 ( a )S. We can now 
rephrase our definition of an A-over algebra: it is an A-set Q, together with an A-operation 
U Q over f or ever y Das i c operation uj on A. 

If Q is an A-overalgebra totally in V, and v G Clo n V, then we can define an A-operation 
V Q over v a ^ letting v®(q) be the second component of the pair 

v AKQ ((ai,gi),... , (a n ,q n )); 

we will thus use to denote that A-operation, regardless of whether v is an n-ary basic 
operation, n-ary term operation, or n-ary element of Clo V. 

If A is a set, and S an A-set, then we can define C\o A S, the clone of A- operations on S 
to be, for each n, the set of pairs (ou,uj') where u> is an n-ary operation on A, and uj' is an 
n-ary A-operation on S over uj. Projections and clone composition are easy to define, and 
there is a clone homomorphism it : Clo A S — > Clo A given by taking the first component of 
each pair. 

If A is an algebra in a variety V, <\> A is the corresponding clone homomorphism from 
Clo V to Clo A, and Q is an A-set, then an A-overalgebra structure on Q, totally in V, just 
amounts to a clone homomorphism <p® : Clo V — > Clo A Q, such that n(ffi = <p A . Accordingly, 
to define an A-overalgebra, it suffices to define v A for all v, with the condition that the given 
definitions provide a well-defined clone homomorphism. 
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Pointed overalgebras. If A is an algebra, a pointed A-overalgebra is an A-overalgebra P, 
such that each a P has a basepoint a * p , or simply a *, such that for each basic operation cu, 
n-ary, and each a G A n , uj£( ai *, . . . ,„„*) = w ( a) *. 

If P, P' are pointed A-overalgebras, a homomorphism from P to P' is a homomorphism 
of A- overalgebras / : P — > P' such that for each a, a f(a* P ) = a* P ' ■ 

Pointed overalgebras totally in V, and the homomorphisms between them, form a category 
Pnt[A, V] in an obvious manner. As the notation suggests, it is precisely the category 
Pnt[Ov[A, V]] of pointed set objects in the category Ov[A, V]. 

As an example of a pointed A-overalgebra, let a G Con A. We define a pointed A- 
overalgebra a* by a a* = {a' : a a a' }, a * = a, and (c) = uj(c) for c G a a*. 

If P is a pointed A-overalgebra, then accompanying A x P and 7Tp there is a homomorphism 
tp : A — > A x P, defined by ip : a i— > (a, a *). The triple (A x P, 7Tp, tp) can be viewed as a 
commutative diagram 

A A x P 

tt p ; 

A A 

in slightly different terms, it is a pointed set object in the category of algebras over A. 

Given such a diagram, or, a triple (B, ir, t) with ir : B — > A, i : A — > P, and 7Ti = 1^, 
we denote by [P, 7r, t] the pointed A-overalgebra with underlying A-overalgebra [P, 7r] and 
basepoints t(a) G a [P,7r]. 

The constructions P i— > (A x P, 7Tp, tp) and (P, 7r, t) i-^ [P, n, t] are clearly two legs of an 
equivalence between the categories Pnt[A, V] and Pnt(V j A). 

There is an obvious forgetful functor from Pnt[A, V] to Ov[A, V]. A corresponding 
free functor can be defined as follows: given an A-overalgebra Q, form the algebra B = 
A\J(A x Q). Define ir : B — > A by applying the universal property of the coproduct to the 
homomorphisms 1a and ttq. Define i : A — > P as the insertion of A into the coproduct. 
Then [P, 7r, l] is a pointed A-overalgebra free on Q. 

Abelian group overalgebras. An abelian group A-overalgebra is an A-overalgebra M 
such that on each a M there is the structure of an abelian group, in such a way that the 
functions : a M — > UJ ( a )M are abelian group homomorphisms. If M, M' are abelian 
group A-overalgebras, a homomorphism of abelian group A- overalgebras from M to M' 
is an A-overalgebra homomorphism f : M M' such that each a f is an abelian group 
homomorphism. 

Abelian group A-overalgebras totally in V, and the homomorphisms between them, form 
a category in an obvious manner, which we denote by Ab[A, V]. It is the category of abelian 
group objects in Ov[A, V]. 

Categorical algebraists have given the term Beck module over A to an abelian group object 
in the category (V j A). Clearly, Ab[A, V] is equivalent to the category of Beck modules 
over A. 

There is an obvious forgetful functor from Ab[A, V] to Pnt[A, V]. 
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Theorem 1.1. ([14]) Let\ be a congruence-modular variety of algebras, and A e V. Let P 
be a pointed A-overalgebra which is the underlying pointed A-overalgebra of an abelian group 
overalgebra. Then there is a unique assignment of abelian group structures to the pointed 
sets a P, such that a * is the zero element of each a P and the functions are abelian group 
homomorphisms. The group operations in a P satisfy p — p' + p" = d? a a a ^ (p, p', p") . 

Abelian group A-overalgebras free on a pointed A-overalgebra. If V is congruence- 
modular, a free functor (left adjoint) for the forgetful functor from Ab[A, V] to Pnt[A, V] 
is as follows: Given a pointed A-overalgebra P, draw the diagram 

A — Ak P — (A k P)/[k, k] 



TTp 



A 



A 



where k = ker7Tp and 7r is the unique homomorphism making the diagram commute. 

M = [(A x P)/[/c,ft],7r,iiat[/c,«] o t P j 

is then a pointed overalgebra, which is an abelian group overalgebra in a unique way, by 
theorem 1.1. M is an abelian group A-overalgebra free on P. 



V A-overalgebras. Suppose V is another variety of algebras than V, perhaps of a different 
type. We define a V A-overalgebra to be an A-overalgebra M such that the a M are algebras 
in V and the are homomorphisms of V, and a homomorphism of V A-overalgebras to 
be an A-overalgebra homomorphism / such that the a f are homomorphisms of algebras in 
V. We denote the category of V A-overalgebras totally in V, and homomorphisms betwen 
them, by V [A, V]. 

The category V'[A, V] generalizes Pnt[A, V] and Ab[A,V] in an obvious way, and we 
have V'[A, V] = V'[Ov[A, V]], the category of V'-objects in the category Ov[A, V]. 

Although V'[A, V] is the category of V'-objects in the category Ov[A, V], it is also true 
that given M G V'[A, V], and an A-set S, the A-functions from S to M form an algebra of 

V in a natural way. 

If M e V'[A, V], and u is an n-ary basic operation, term operation, or element of Clo V, 
we will denote by a u, or occasionally by a u M , that operation on the algebra a M. 



Restriction and induction functors. For each category V'[A, V], algebra X e V, and 
homomorphism / : X — > A, there is a functor /Res : V'[A, V] — » V[X, V], defined by 
x ( f ResM) = /( X )M and uL es = w*[ x) , where /(x) stands for (/(xi), . . . , f{x n )). 

The restriction functors all have left adjoints, which are constructed in [14]. We call these 
induction functors. 



We will have occasion to use the functor of induction of abelian group overalgebras in §110 
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Products. Let A be an algebra. If Si, . . . , S n are A-sets, then a product IL^ in the category 
of A-sets is given by a (H-iSi) = a Si x . . . x a S n . Similarly, if Mi, . . . , M n G VL4, V], then a 
product UiMi G VL4, V] is given by a (ILM;) = a M ± x . . . x a M n , by 

fa' M '( ra iv ,m fc ) = (v^imn,. . . ,m kl ),... ,v™ n (m ln , . . . ,m kn )), 
for v G Clofc V, and by 

«(mi,... ,m fc ) = ( a u Ml (m n ,... ,m kl ),... , a u Mn (m n , . . . ,m kl )), 
for u G Clo fe V. 

Suppose, on the other hand, that we are given algebras Ai G V, and objects M, G 
V[Ai, V], for i = 1, . . ., n. Let A = ILA. Define the outer product G VL4, V] by 

a(BiMi) = ^(o-Mi), and by 

= ft „ H )K-,%),...,<: ^k,...,^)), 

for f G Clofc V, and 

a w(mi, ... ,nij) = ( ai M Ml ( m n ; • • • ,"ifci), • • • ,a n u Mn (m ln , . . . ,m kn )), 

for -u G Clofc V. That is, M = U i ( 7TAi ResM i ), where the it a,% '■ A — > are the projections 
to the factors. 

Theorem 1.2. If all the Ai are the same algebra A, we have A A Res(KljMj) = M n , where 
the homomorphism Aa '■ A — > YliA is defined by a h-> (a, . . . , a) . 

Advantages of the overalgebra formalism. There are two main advantages for using 
the formalism of A-overalgebras rather than that of algebras over A. One is that given an 
object M G V'[A, V], the M, which are algebras of V, are important objects of study, and 
a formalism that provides for this is useful. If we use the formalism of algebras over A, then 
we will end up considering the a M anyway, in a different form, as 7r _1 (a) for a G A. 

The other main advantage is that the formalism of A-overalgebras allows the a M to be 
nondisjoint. One way this helps is to facilitate defining and using the pointed A-overalgebra 
a* for a G Con A. If we don't allow nondisjoint sets, then we must work with the algebra 
often denoted by A(a) = A x a*, along with the projection 7r a * to A. 

The other way allowing the a M to be nondisjoint is helpful, and this is probably the most 
important advantage, is in defining and using the restriction functors. Using the formalism 
of algebras over A requires that the restrictions be defined as pullbacks, and then frequent 
use must be made of the universal property of the pullback. This can be done, of course, 
but it is tedious, and tends to obscure the situation. 

2. Enveloping Ringoids 

Ringoids. A ringoid is a small additive category. If X is a ringoid, with set of objects A, we 
write a 'X a for X(a, a'). A left X-module is an additive functor from X to Ab, the category 
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of abelian groups. If M is a left X-module, we write a M instead of M(a), and if m G a M 
and r G a 'X a , we write rm rather than M(r)(m). 

If A is an algebra in a variety V, the enveloping ringoid for A, with respect to V, is a 
certain ringoid denoted by Z[A, V], which has the underlying set of A as its set of objects, 
and such that the category of left Z[A, V]-modules is isomorphic to the category Ab[A, V]. 
Enveloping ringoids are treated in detail in [14] and [15]. 

Construction of the enveloping ringoid. Given an algebra A in a variety V, we construct 
an object M a G Ab[A, V] free on an A-set consisting of a singleton at a and the null set 
elsewhere, for each a G A. (An abelian group A-overalgebra free on an A-set S can be 
constructed by constructing an A-overalgebra free on S, a pointed A-overalgebra free on 
that, and an abelian group A-overalgebra free on that.) 

The enveloping ringoid can then be given as a /Z[A, V] = a '(M ) for all a, a' G A. 

Abelian group A- over algebras free on an A-set. Once the enveloping ringoid is defined, 
there is another method available for defining abelian group A-overlaying algebras free on 
A-set s. Let A be an algebra in the variety V, and let S be an A-set. For each a G A, let a M 
be the set of finite formal linear combinations 



where r\ G a Z[A, V]^ and G ^S. This defines an object M G Ab[A, V] free on S. 



Let A be an algebra of V, and let M G Ab[A, V]. We define an extension in V of A by M 
to be a triple (%, E, it) such that E is an algebra of V, n : E — > A is an onto homomorphism, 
and x '■ 7rR.es P — > k* is an isomorphism of pointed overalgebras, where P is the underlying 
pointed A-overalgebra of M and k = ker7r. 

For example, given A G V, and M, totally in V, we can form the total algebra A tx M. Let 
k = keriiM- Let x '■ TrResM — > /t* be the (A x M)-function given by { a ,m)X( m ') — (a,m + m') . 

Theorem 3.1. (x, A x M,ir P ) is an extension in V o/A 6y M. 

Proof. Each ( a)m )X is clearly one-one and onto, and x is an homomorphism of pointed (AxM)- 
overalgebras because ( a ,m)X(0) = (a,m) = u m )*, and for each t> G Clo n V, each (a, m) = 
((ai,TOi), . . . , (a n ,m n )) G (A IX M) n , and each m' = (m^, . . . , m^) G ( ajm )( 7r ResM), we have 




3. Abelian Extensions 



<a,m)X(^ 



jResM 
(a,m> 



(m')) = „«a,m»X(^f (m')) 



= w AKM ((a 1 ,m 1 + mi),. . . , (a n , m n + mj,)) 
= v fa,m>(( a i> m i +m[),... ,(a n ,m n + m' n )) 

= ^m)((ai,mi)XK), • • • , <a„,m n )X("0) , 



□ 
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In this example, the onto homomorphism it = tt m is split by the homomorphism t M . We 
say that an abelian extension (x, E, n) is split if tt splits. 

In general, given an extension (x, E, tt) in V of A by M, the pointed i?-overalgebra 
k* = (ker7r)* is isomorphic to the abelian group overalgebra 7,-ResM, and so is itself an 
abelian group overalgebra with abelian group operations as given in theorem 1.1. 

A lemma using the properties of the difference term. The following lemma will be 
very useful in proving properties of abelian extensions: 

Lemma 3.2. // (x, E, tt) is an abelian extension in V of A by M , and e, e' , e" G E are 
such that 7r(e) = 7r(e') = 7r(e"), then 

eX- 1 (e') + elX -\e") = eX - 1 (e"). 

Proof. Let k = kern, and let a = ir(e). By the properties of d and theorem 1.1, we have 

ea- 1 (e") = df a ^ a) ( e/X - 1 (e"), a 0, a 0) 

= < e e'3(e'X" 1 (e' / ),e'X- 1 ( e '0), e x- 1 ( e 0)) 

= eX- 1 K e V,e>(e", e '0, e 0)) 

= eX -\d E {e\e\e)) 
= eX- 1 « e , e> (e",e', e 0)) 
= eX-\e")- eX - l {e'). 

□ 

Sections of extensions. Let £ = (x, E, tt) be an abelian extension in V of A by M. Recall 
that we say that £ = (x, E, ir) splits if there is a homomorphism a : A — > E right inverse 
to 7i. Not every abelian extension of A by M splits, as we know, because not every onto 
homomorphism has a right inverse. (We do know that there is always at least one split 
extension, given previously.) At any rate, by the axiom of choice, there is always a function 
a such that na = 1a, whether or not the extension £ splits. 

A function a : A — > E, not necessarily a homomorphism, such that ixo = 1^, will be called 
a section of it (or, of the extension £). 

E and M. For each e G E, e x~ l '■ tt -1 (?r(e)) — > ni^M is a one-one and onto function. A 
section a chooses one representative a (a) for each /t-equivalence class 7r _1 (a), and allows us 
to select functions o-^X -1 which provide an isomorphism of pointed A-sets between [E, ir, a] 
and M. We will use this pointed A-function extensively in what follows. 

Some A-sets connected with abelian extensions. Let V be a variety of algebras of 
type Q, and let A be an algebra in V. We will define some A-sets that will be useful in the 
study of abelian extensions of A. 

Let Xy-(A), or simply X°, denote the A-set [A, 1a}, that is, the underlying set of A, viewed 
as a set over A. We will refer to the element a G a X° , for any a G A, by [a]. Let X^(A), 
or simply X 1 , denote the A-set where S* 1 is the set of of pairs (written as follows) 
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[v; a], where v G Clo n V for some n, and a G A n , and /i[t>; a] = i>(a). Let X^-(A), or simply 
X 2 , denote the A-set {S 2 ,k\, where S 2 is the set of triples [i>',v;a], where a is an element 
of A n for some n, v is an n'-tuple of elements of Clo n V, for some n', and v 1 G Ckv V, and 
where /c[f',v;a] = i/(v(a)). 

Note that if n = 0, 1, or 2, then X n satisfies the property that if a ^ a', the sets a X n and 
a iX n are disjoint. We will often take advantage of this property in formulas which involve 
A-functions with domain X n , by dropping the subscript a. Thus, if x G a X n and is an A- 
function from X n to another A-set, we will write a <P{x) simply as (f>(x). This is unambiguous 
because x determines a. 

5 £ a ,. As a first example of an A-function with domain one of the A-sets just defined, we 
define 5 £ a , to be the A-function defined by 

Cx'(H) = <r(a)X~V( a ))> 

where £ is an extension and a, a' are two sections for £. 

Lemma 3.3. If £ is an abelian extension and a is a section for £ , then 5 £ a = 0. 
Proof. a(a) = a(a) K * . Thus, b% a = a^x^Ha)) = ^x^O) = 0. □ 

4. Factor Sets 

The factor set of an extension relative to a section. Let £ = (x, E, it) be an abelian 
extension of A by M, and a a section. The functions a ( a )X^ 1 ^ f° r a e A, allow us to 
express the structure of E in terms of M. To begin we "measure the failure of a to be a 
homomorphism" by defining, for each [v; a] G X^(A), the element 

f £ '>;a] = ^(^x^Ha))) - <r(t,(a))X _1 (<7(t>(a))) 

= ^ ( a))X _1 (^(^(a))). 

It is easy to see that i £ ' a is an A-function from X^(A) to M. We call i £ ' a the factor set for 
£, with respect to the section a. 

Theorem 4.1. If a is a splitting for £, then i £ ' a = 0. 

Proof In that case, £ £ ' a [v; a] = CT(l ,( a ) ) x _1 (t'(o-(a))) = CT( . l ,( a ) ) x _1 (a-(w(a))) = „ (a) for all v and 
a. □ 

Theorem 4.2. Together with a, the factor set f £ ' a determines the algebra structure of E. 
Proof. Let v G Clo n V, e G E n , and a = 7r(e). We have 

a(v( a ))X'\v(e)) = a(„(a))X~ 1 «( a )(e)) 

= «(<r(a))X -1 «(a)( e )) + ^X^K^a))) 

= K^ M U»)X- 1 (e)) + i £ -[v;*] 



^ a M Ua)X- 1 (e))+f^b; 



a 
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Thus, if the section a is given, v E and f £ ' a determine each other, because the mappings 
<r(a)X _1 together make up an isomorphism of A-sets from {E, n] to M. □ 

Abstract factor sets. Because E is an algebra in V, sending each v G Clo n V to the 
operation v E , for all n, is a clone homomorphism from CloV to the clone CloU(E) of all 
finitary operations on the set U(E). This means that for each v G (Clo n V) n , and each 
v' G C\o n / V, we have where the clone composition on the left takes place in 

C\oU(E), and that on the right takes place in CloV. Using equation (1) above, we obtain, 
for all a G A n , 

f £ >'v;a] = CTK(v(a)))X - 1 K(v(a(a)))) 

= <a)(.(v(a))X- 1 (v( ( x(a))) + f*>'; v(a)] 

= < a) v a M (.(a)X- 1 ( ( T(a))) + < a) f^[v; a] + f £ >'; v(a)] 

= < a) f^[v;a]+f^K;v(a)], 

for all such v, v', and a, where v(a) stands for (v i(a), ... , v n >(&)). We will call an A-function 
f : X^(A) — > M satisfying the family of equations 

Vv;a]=<; a) f[v;a] + V;v(a)], 

for each [v f , v; a] G X^(A), a factor set for A and M. 

Let A G V and let M G AbL4,V]. Given an arbitrary A-function f : X\{A) — > M, we 
define an A- function df : X^(A) — > M by the equation 

(flf) K, v; a] = v'™ a) f[v; a] - f [*/v; a] + f[„'; v(a)] 

where v(a) is the n'-tuple (v i(a), . . . , f n '(a)) and [v; a] is the n'-tuple {[vi, a], . . . , [iv; a]). 

Theorem 4.3. An A-function f : X^(A) ^ M is a factor set for A and M iff df is identi- 
cally zero, i.e., if for each [i>',v;a] G X^(A), (df)[v f , v; a] = </(v(a))0- 

Abstract factor sets and abelian extensions. 

Theorem 4.4. Every factor set for A and M arises as f £) ° for some extension £ of A by 
M and some section a of that extension. 

Proof. Given a factor set f for A and M, we define E — U(A ix M), and for each v G Clo n (V), 
the n-ary operation v E : E n — > E, by the equation 

u((ai,mi),... , (a n ,m n )) = (u(a),u^(m) +f[u;a]). 

The fact that f is a factor set makes the mapping v — > i> E a clone homomorphism, i.e., makes 
.E an algebra of V. For, let e« = (a*, m^) for i = 1, . . . , n, let v be an n'-tuple of elements of 
Clo n V, and let v' G Clo n / V. We have 

(t/v)(e) = (Kv)(a), Kv)f (m) + fk/v; a]) 

= (Kv)(a), Kv)f (m) + < a) f[v; a] + fk/; v(a)]), 
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while 

t/(v(e)) = t/(Ma), (^i)f (m) + f[ Wl ; a]), . . . (*v(a), Mf (m) + f[*v; a])) 

= (</(v(a)),^ a) vf (m) +< B) f[v;a] + f[t/; v(a)]>, 

and the desired equality of these two elements follows from the analogous facts for A and 
M. 

Note 7T M : -E A is a homomorphism with respect to the algebra E just defined. Let us 
denote ker7rM by k, and „- M ResM by M. We have (a,m) k (a',m') iff a = a'. We define 
X : M — > k* by the equation 

( a ,m)X(^') = (a,m +m) G { a , m )K*. 
Each ( a , m )X preserves the distinguished element because 

(a,m)X((a,m)ty = (a,m)X(aO) = (a, 77l) = ( a , m }0 G ( a ,m) K *- 

Also, x preserves the E-operations because for each v G Clo n (V), = (a^m,) G -B for 
i = 1, . . . , n, and mi G ei M for i — 1, . . . , n, we have 

<*(eX(m')) = <*((ai,m' 1 +m 1 ),... , (a n ,r< + m n )) 
= v s ((ai, mi + mi), . . . , (a n , m^ + m n )) 
= Ma),<(m')+<(m)+f[t;;a]), 

while on the other hand, 

«(e)X(^(m')) = («(a),««(m)+f[«;a]>X(^(m')) 

= (t;(a),t;f(m')+< / (m) + f[t;;a]). 

Thus, x is a homomorphism of pointed E-over algebras, and it is clear that each e \ is 1-1 
and onto. It follows that x is an isomorphism of pointed E-over algebras. 

Now, let a = lm (so that a (a) = (a, o 0)) and let us show that the factor set we obtain is 
f . We have 

so that the corresponding factor set is given by 

f £ '>;a] = a(v{a)) x'\v(a(a))) 

= aMa^X^Ol, Ol 0), . • . , (On, a „0))) 

= Ma) Ma o>X _1 (^(a),f[t;;a]) 
= f[u;a], 

since by definition, 

<«(a), o( a)0>x(f[u;a]) = (u(a),f[u;a]). 

□ 
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Effect of choice of section on the corresponding factor set. Let us see how factor 
sets for the same extension £ = (x, E, n) in V of A by M differ when they are derived from 
different sections a and a'. First, a definition: 

Let 5 : X$(A) -> M be an A-function. We define an A-function 85 : -X^(A) -> M by the 
equation 

(^)b;a]=^(5[a])-5Ka)], 

for each [u; a] G X^(A). 

Theorem 4.5. Under these assumptions, we have 

Proof. Using equation (1) for e = er'(a) to expand f £ ' a [v; a], we have 

a] - f*>; a] = a/Ha))X ^(v(a'( a ))) + .fUx^Ma))) - ^^^(^(^(a))). 

But, 

CT '(„ ( a))X" 1 (^((T / (a))) = aKa ))X _1 (^(^(a))) - ff («(o))X _1 (^'(u(a))) 
by lemma 3.1; combining these two results, we obtain 

f^>; a] - f £ <>; a] = t^U)*" V(a))) - „(„(a))X- V(«(a))) 
= - <>(a)] 

= (^)[t;;a], 

as was to be proved. □ 

5. Equivalence of Abelian Extensions 

Let E and E be algebras of V, a variety of algebras of type Q. Let 7 : E — > be 
a homomorphism, and let a and a be congruences of and E, respectively, such that 
7(a) C a. Then we define an i?-function, 7* : a* — > 7 Res(a*) by the equation 

e7*(e')=7(e'). 

Theorem 5.1. 7* is a homomorphism of pointed E-overalgebras. 

Equivalent extensions. Let £ = (x, E, ir) and £ = (x, E, it) be abelian extensions in V of 
A by M, where M G AbL4, V]. We define an equivalence of extensions from £ to £ to be a 
homomorphism 7 : i? — > E 1 , such that 

(1) 7r = fry, and 

(2) 7 *x = 7 Resx. 
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If £ and £ are equivalent via an equivalence 7, we write 7 : £ ~ £. 

Bearing in mind that, because of condition (1), 7 Reso^.Res = ^Res, we express these 
conditions in the following interrelated diagrams: 



M 



r ResM 



K 



E 



M ^Res M 



y Resx 



r Res(£*) E 



A 



A 



^ResM ► k* 

x 

where k = ker tt and k = ker tt . 

Theorem 5.2. Equivalence of extensions is an equivalence relation on extensions in V of 
A by M. 

Proof. If £ = (x, E, tt), £ = (x, E, ft), and £ = (x, E, ft) are extensions in V of A by M, and 
71 : £ ~ £, 72 : £ ~ £ are equivalences, then we first observe that 

(727i)* = (71 Res 72)7i* • 

Then, we have 

(727i)*X = ( 7 i Res 7 2 *)7iX 

= ( 7l Res72*) 7l Resx 

= 7l Res(72*x) 
= 7l Res( 72 Resx) 
7271 Rgs Xi 

we also have vf727i = tt, whence 7271 : £ ~ £■ □ 

Lemma 5.3. If'-f is an equivalence from £ to £, thewy is an isomorphism, and is the unique 
equivalence from £ to £ . 

Proof, x an d 7 Resx are isomorphisms, whence 7* is also by condition (2). Thus, 7 maps 
each /t-class onto a K-class, in a one-one fashion. Since each K-class is the image of a unique 
ft-class by condition (1), these mappings paste together to give 7 as an isomorphism. 

7 is unique, because it is determined by 7*, which is determined by condition (2). □ 

We denote by E^(A, M) the set of equivalence classes of extensions in V of A by M. It 
is easy to see that if £ ~ £, then £ splits iff £ splits. Thus, the split extensions of A by 



M form one or more equivalence classes. We will see below, in corollary 5^, that all split 
extensions are equivalent. 
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Equivalence and factor sets. We wish to relate factor sets and equivalence. 
Lemma 5.4. If r y:£^->£, then given a section o of £ , we have f ,<J = f £,Ja . 
Proof. For each [v; a], we have 

f £ ' 7 >;a] = 7 K„(a)))X _1 (^(7(o-(a)))) 

= <r(„(a)) ( 7 ReS X) _1 Uf(a))7*(f (^(a)))) 

= f £ >;a]. 



□ 



Theorem 5.5. Let M be an A-module. Let £ = (x,E,ir) and £ = (x,E,tt) be two abelian 
extensions in V o/ A 6y M, sections a and r, respectively. Then £ and £ are equivalent 
if and only if the factor sets f e,cr , i £,T : X^-(A) — > M differ by a function of the form 85 
where 5 : X^-{A) —>■ M is an A-function. 



Proof. Suppose £ and £ are equivalent via an equivalence 7. By lemma |5.4| , f ,<T = i £ ' 7<T . On 
the other hand, i £au — f £ ' r = 85 £ la by theorem |3. The desired result follows. 



Conversely, if the factor set difference f £,r — i £)U = 85 for 5 : X^(A) — > M some A-function, 
then we can produce a new section f for £, namely 

r(a) = r(a)X0W, 

and we have f ,T = f ,<T . For, 

f^ ;a ] = fKa)) x _1 (w(r(a))) 

= f(^(a))X _1 (^(r(a)X(5[a]))) 

= r{v{ a ))XT l iy (r(a)X(5[a]))) - r( „ (a)) x -1 (f(u(a))) 

= (r(a)X _1 (r(a)X(^[a]))) + f £, >; a] - ^(a))^ (r(t,(a))X(<*Ka)])) 

= f^;a]+^[a])-<^(a)] 
= f £ ' T [v;Si} + (d5)[v;a] 
= f £ >;a], 

as desired. 

Now we will construct an isomorphism 7 : E — > E, which is an equivalence from £ to £. 
We define the one-one and onto function 7 : E — > E by 

7(e) = f(^( e ))X( CT ( w (e))X _1 (e)). 

We have 7r = 777, because 7 maps each 7r _1 (a) to 7f _1 (a), and we have 7a = f, because 
of lemma 3.3. If we are given e e i? n , then letting a = 7r(e) = 7r(7(e)), we have for each 
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v e Clo n (V), 

7(*(e)) = f W .))X(t^ U.)X _1 (e)) + f £ >; a]) 

= fKa))X«(f(a ) r 1 (7(e)))+f^^;a]) 
= f(4a))X(f(^(a))X~ 1 (^(7(e))) 
= «(7(e)), 

whence the 1-1 and onto function 7 is an isomorphism. Finally, for each e € E, with a = 7r(e), 
and all m e a M, we have 

e ( 7 Resx)(m) = 7 ( e )xO) 

= f(a)X(f(a)X _1 ( 7 ( e )XM)) 

= f(a)X(f(a)X _1 (7(e)) + 7 (e)X~ 1 ( 7 (e)XM)) 

= f(a)X(<x(a)X _1 (e) +m) 

= f(a)X(<x(a)X _1 (e) + eX _1 (eX(^))) 
= f(a)X(a(a)X~ 1 (eX(w))) 

= e(7*x)(m); 

thus, 7*x = 7 Res x, so that condition (2) is satisfied, and 7 : £ ~ £ . □ 

Corollary 5.6. TTie sp/rf extensions of A by M form a single equivalence class. 
Proof. If £ is an extension in V of A by M, and a is a splitting, then f £,a = by theorem [O 



If r is another section of £, then f £ ' T = dS for some A-function 5 : X° — > M, by theorem l|75 



Thus, every factor set of a split extension has the form 85. It follows by the theorem that 
all split extensions are equivalent. □ 

6. E V (A,M) as a Homology Object 

A fragment of a cochain complex. We previously introduced A-sets X° = Xy(A), 
X 1 = X V (A), and X 2 = X V (A), and, with the additional data of an object M E Ah[A, V], 
abelian group homomorphisms d, so that the diagram 

A-Set{X°,M) A-Set(X\M) ^ A-Set{X 2 ,M) 
is a fragment of a cochain complex in the abelian category Ab. 

The cohomology group. An A-i unction f : X 1 — > M is a factor set for A and M iff df = 0, 
by definition. We showed (theorem |4.4j) that each such abstract factor set is a factor set i £,a 
for some extension £ and section a. On the other hand, two factor sets f , f correspond to 
equivalent extensions iff f — f ' = 88 for some A-function 5 : X° -> M. It follows that 

Theorem 6.1. T/ie equivalence classes of extensions of A by M, i.e., the elements of the 
set E V (A M), correspond to the elements of the cohomology group of the above fragment of 
a cochain complex in the abelian category Ab. 
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The equivalence class of split extensions. 

Theorem 6.2. The class of split extensions is the zero element of Ev(A M) . 

Proof. Choosing a split extension £ , and a splitting a as the section, we obtain f £,a = 0, by 
theorem |4.1| . □ 

Ev(A M) as an abelian group. The correspondence of theorem 6.1 allows us to place the 
structure of an abelian group on the set Ev(AM): If Si, £2 are represented by factor sets 
fi and f 2 , then [Si] + [£2] is represented by fi + f 2 . 

Theorem 6.3. If £ = (x,E,tt) is an extension of A by M, then —[£] = [(—x,E,ir)]. 
Proof. ~x is also an isomorphism, and the formula for factor sets shows that 

for any section a. □ 



7. Compositions of Extensions and Homomorphisms 

For this section, let £ = (x, E, tt) be an abelian extension of A by M. We will describe ways 
of composing £ with homomorphisms in V and AbL4, V]. Conceptually, these composition 
operations are best seen as operations on the extension class [£], the equivalence class of 
extensions in V of A by M represented by S. However, it is not hard to define the composition 
of an extension and an algebra homomorphism as a specific extension, and sometimes useful, 
so we will give the definition of that composition in that form. 

The extension £g for a homomorphism g : A' — > A. Suppose that we have another 
algebra A' and a homomorphism g : A' — > A. We will show how to create from £ an extension 
of A' by 9 ResM. The first step is to consider the fibered product E' of A' and E, with the 
associated homomorphisms which we label tt' and 7: 

E' A' 

9- 

♦ A 



1 

E 



Lemma 7.1. In this situation, if k — ker-zr and k' = ker-zr', then 7* : k'* — > 7 Res/€* is an 
isomorphism of pointed E'-overalgebras. 

Proof. If (e, a') is an element of E', then the elements of Ua 1 )^'* ar e the elements of E' of 
the form (e',a'), and such a pair will belong to E' iff vr(e') = g(a'). On the other hand, 
( eifl ')( 7 ResK*) = e K* is the set of e' such that 7r(e) = 7r(e'). However, we have g(a') = 7r(e), 
because (e, a') G E'. Thus, the mapping (e', a') 1— >■ e' is one-one and onto. Since this applies 
to each ( e , a ')7*j 7* is an isomorphism. □ 
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Now, we define x' — (7*) 1 ° 7 Resx- Since 7* and x are isomorphisms, so is x' ■ Also, 
we have 717 = gir', so that x' '■ 7r'Res( s Res M) = k'*. Thus, we obtain an extension Sg = 
(x',E',7r') of A' by 9 ResM. We will denote the extension class [Sg] by [S]g. 

If a is any section for S, let a' : A' — > £" be defined by cr'(a') = (a(g(a')),a'). Then, we 
have 

Lemma 7.2. Ifi — i £,a , then there is an extension S G [S]g, and a section a, such that or 
each [v;c] G X^(A'), f^[i>;c] = i[v;g(c)]. 

Proof. Let S = Sg and a = a' as defined above. We have 

f £ ^'[v;c]= a , (v{c)) x'- 1 (v(o- > (c))) 

= a'(^(c))(7* _1 ° 7 R eS X)~ 1 (^(0"'(c)) 

= a'(v(c)) ( 7 Res x~ l ){l*{v{a'{c )))) 
= ^( fl (c)))X _1 (^(^(^(c)))) 
= f^[v;g(c)]. 

□ 

Corollary 7.3. If in addition to S, A' , and g we have an algebra A" and homomorphism 
h: A" -> A', then S{gh) ~ (Sg)h. 

Corollary 7.4. The mapping [S] 1— > [S]g is a group homomorphism from E v (^4, M) to the 
group E v (A', 9 ResM). 

The extension class g[S] for a homomorphism g : M — > M'. Suppose again that 
£ = (Xj-E 1 , 7r) is given, and that M' is another object of AbL4, V], and g : M M' a 
homomorphism. £ determines an extension class [£]. We will specify an extension class g[S] 
of A by M' by giving a representative factor set. 

Let f £,a be a factor set for S, where o is some section. Since f £,a is an A-function from 
X 1 to M, and g is a homomorphism from M to M', we can compose them and obtain an 
A-function f = gl £ > c : X 1 -> M'. 

Theorem 7.5. f is a factor set for A and M' . 

Proof. We have 

(9f>', v; a] = v%/[v; a] - f'k/v; a] + f>'; v(a)] 
= gv'vU^, a] - fff[u'v; a] + gi[v'; v(a)] 

= #)K,v;a] 

= g(v'v(a)0 M ) 
— D'v(a)U . 

□ 
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Thus, by the construction of theorem |4.4| , f is the factor set of some extension, which we 
shall for the moment denote by £°A 

Theorem 7.6. If a' is another section of £, then £ a ^ ~ £ a> ^ . I.e., [£ a ^] does not depend 
on a. 

Proof. f^> CT - f £ > a ' = 85 for some A-function 5 : X° —> M. Then, gi £ > a - gf £ ' a ' = g(85). 
However, g(d5) = d(g5). For, 

g{dS)[v^=g(v?(6W)-8[v{*))) 
= vf (g6[ a }) - g5[v(*)} 
= d(g5)[v;a]; 



Thus, £ a > 9 ~ £ a ' 9 by theorem |J. □ 
We denote [£ u ^] by g[£]. 

Theorem 7.7. If M" is another object of Ah[A,\], and h : M' — > M" is another homo- 
morphism, then (hg)[£\ = h(g[£]). 

Theorem 7.8. The mapping [£] i— > g[£] is an abelian group homomorphism from Ev(^4, M) 
to E V (A,M'). 

Proof. Follows from the definition of g being a homomorphism of abelian group objects in 
the category OvLA, V]. □ 

Relationship of these two compositions. 

Theorem 7.9. If £ is an extension of A by M, and g and g are given, then (g[£})g = 
( g Resg)([£]g). 

Proof. We will show that representative factor sets for these two extension classes are equal. 

Let f be a factor set representing the homology class corresponding to the extension class 
of £. Then gf represents g[£}- A factor set f for (g[£])g can then be defined by 

i':[v;c]~(gf)[v;g(c)]. 

On the other hand, a factor set f for [£}g can be defined by 

f : [v;c] i-> f[v;g(c)} 

and then a factor set for ( 9 Res g)([£]g) can be given by (/Res g)f. For each [v;c], we have 

( g Resg)f[v;c] = g{v(c)) g(i[v; g(c )]) 

= gf[v,g(c)} 

= f[«;c]. 

□ 
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8. The Addition Operation on E v (Q,M) 

Now we will describe a method for constructing the result of adding a pair S\, 82 of 
extensions of A by M. This method closely parallels the method of adding two module 
extensions called the Baer sum. However, while the Baer sum uses only universal properties 
to construct an extension having the desired properties, we can do this only up to a point, 
and must complete the construction of a representative of [Si] + [82] by using factor sets and 
theorem |4.4| . 

Outer product of a finite tuple of extensions. Let Si = (xi, Ei, 7Tj) be an extension of 
Ai by Mi for i — 1, ... , n, where A t G V and M ? - e Ab^V] for all i. Define E = IL^ and 
A = LTjAj. Define 7r : E — > A by the equation 7r(e) = (7Ti(ei), . . . , 7T n (e n )}. We will construct 
an extension £ = (x, E, A) of A by KjMj from the extensions £j. 

If = ker7Tj for all i, k — ker7r, and 71"^ : E —> Ei are the projections to the factors, 
then we have 

Lemma 8.1. n* is naturally isomorphic to Hi( nEi ResK*). 
We define x '■ TrRes M — > k* by the equation 

eX(m) = ( ei xi(mi),... , e „x„(m n )), 

and finally, we have 

Theorem 8.2. (x,E,tt) is an extension of A by M. 
We denote this extension by 

A factor set of ^8%. Let o~i be a section of Si for each i, and let cr : A — > be the section 
of defined by cr(a) = (ai(ai), . . . , a„(a n )). 

Theorem 8.3. For eac/i (a 1; . . . , a^)] e X^(A) ; we have 

f^>;( ai ,... ,a*>] = (f s ^[v; (a u , . . . ,a tl )},... ,f^ CT >; (a ln , . . . ,a /n )]>. 

Proof. We have 

f^>; (a 1; ... , a,)] 

= «TWa 1 ,..., a «))X~ 1 (u(^(ai), • • • , o-(a^))) 
= (<7i(t)(o u ,...,o w ))Xr (u(cri(aii, . . . , aa))), 

••• ,<r n (t;(a ln ,...,a, n ))Xr 1 ( W ( Cr n(ai rl , • • • , 

= (f^' CT >; (an,... ,a a )],... ,f f "' ff >; (a ln , . . . ,a fa )]). 



□ 
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The addition operation on E V (Q, M). We observe that + M : M 2 — > M is an arrow of 
AbL4, V]. Given a pair (Si, S2) of extensions in V of A by M, (Si S is an extension 

of A by A A ResM B2 = M 2 . Thus, we can form the composite + M [(Si M S 2 )Aa\, which is a 
class of extensions in V of A by M. 

Theorem 8.4. We have 

+ M [(Si^S 2 )A A ] = [Si] + [S 2 }. 

Proof. Let sections o\, a 2 of the extensions Si be chosen. The factor set f £l < ai + f £2,0-2 j s a 
factor set of [Si] + [S 2 ]. On the other hand, a factor set for + M [(Si ^S 2 )A A ] can be computed 
from the factor set f^ 1 ^ 2 ' " computed in theorem 8.3. It is easy to see that these factor sets 
are equal. □ 

9. Abelian Extensions as a Bifunctor 

We want to be able to treat the W-algebra of abelian extensions of A by M as a bifunctor. 
On objects, we define the bifunctor 

E v : (Ov[AV]) op x AbL4,V] -> Ab 

by the formula 

E V (Q,M) = E V (A x Q, nQ ResM), 

where we recall that ttq : A x Q — > A is defined by ttq : (a, q) 1— > a. 

On arrows, it suffices to define an abelian group homomorphism Ev(?~, 1m) > which we will 
write as a composition [S] 1— > [S]r, and an abelian group homomorphism Ev(1q,<?), which 
we will write as a composition on the other side, [S] 1— > g[S], and to prove the following: 

1. ([£]r)a =[£](«); 

2. %([£])) = (^)[£]; and 

3. = (g[S})9, 

when those compositions are defined. 

If S G E V (Q,M), G Ov[A, V], and r : Q' — > Q is a homomorphism, then we define 
[£]r = [5] (-4 x r). [£]r is an element of 

E V (A x Q', J 4 Kr Res( 7rQ Res M)) = E V (A x Q', WQ ,ResM) 

= E V (Q',M). 

From corollary [7.4| , this mapping is an abelian group homomorphism, and it is easy to 
see that property (1) holds, from the corresponding fact (corollary |7.3|) for composition of 
extensions with homomorphisms of V. 

On the other hand, if M' is another object of AbL4, V] and g : M — > M' is a homomor- 
phism, we define 

g[S] = ( nQ Bes g)[S]. 

This is an element of Ey(Q, M') and it is clear from theorem [fl| that the mapping is an 
abelian group homomorphism, and from theorem [T7| that property (2) holds. 
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Finally, if S, Q', r, M', and g are all given, we must prove that (<?[£] )r = g([£]r), and this 
will complete the proof that Ev is a bifunctor as we have defined it. Using theorem \l.9[ we 
have 

»=((^Hfflff)[£])(AKr) 

= Axr 'Res( 7rQ 'Resg)([£](A ix r)) 
= ^ Q ,Res<?([£]r) 

= <?([%)• 

10. Module Extensions 

i?-modules as a variety of algebras. If R is a ring, then the left -R-modules can be 
treated as algebras having an underlying abelian group structure and one unary operation 
for each element of R. The reader can easily supply a list of identities defining the variety 
of left -R-modules. This is a congruence-modular variety, as can easily be proved, because of 
the underlying abelian group structures. 

It is important to note for what follows that if v G Clo n .R-Mod, then v(m) has the form 

Abelian group overalgebras in the variety of left -R-modules. We need to prove some 
facts about abelian group overalgebras totally in .R-Mod: 

Theorem 10.1. Let A and B be left R-modules, and f : A — > B an onto homomorphism. 
Then every abelian group A-overalgebra totally in .R-Mod is isomorphic to the restriction, 
along f , of an abelian group B-overalgebra. 

Proof. Let M be an abelian group A-overalgebra totally in i?-Mod, and let (M', 77) be a 
universal arrow to the functor /Res. That is, M 1 is an induced abelian group .B-overalgebra 
in i?-Mod of M along /. By [14, theorem 10.6], since / is onto, we can equally well consider 
M' to be an induced pointed 5-overalgebra of M along /. Thus, [14, theorem C.6.5] applies, 
and the diagram 

A k M < A 

I'M 

H(AKT)m) f 

B x M' i B 

is a pushout diagram, where \x is the mashing homomorphism defined by /i : (a, x) 1— > 
(f(a),x). However, it m l m = l A , whence A x M = A® M. Similarly, B x M' = B © M'. 
It follows easily that M = M', and that M = /Res M' . □ 

Corollary 10.2. If M is an abelian group A-overalgebra totally in i?-Mod, then M is 
isomorphic to a restriction, along the unique homomorphism ttq : A — ► 0, of an abelian group 
0-overalgebra. 
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Corollary 10.3. If M , M' are abelian group A-overalgebras totally in .R-Mod, and \ '■ 

M — > M' is a homomorphism, then \ is determined by oX- 

Proof. By [14, theorem C.6.4] restriction along -zr is a full functor from Pnt[0, i?-Mod] to 
Pnt[A, i?-Mod] . Since M and M' are isomorphic to restrictions along n, x — ° (^Res x) ° 
0', where : M = w ResM, <j>' : M' = n ResM', and x ■ M -> M'. It follows that x is 
determined by any of its components a x- □ 

Abelian extensions and module extensions. 

Theorem 10.4. Let Q G Ov[0, i?-Mod], and let M G Ab[0, i?-Mod]. Then E V (Q,M) = 
Ext(0 x Q, qM). 

Proof. Given an extension (x,E,tc) of x Q by ^ResM, let i = X> an d view i as a 
homomorphism from qM to E. Then we have a module extension 

of x Q by M. 

On the other hand, given l, E, and 7T, we define e x{ m ) = e + This gives an E- 

function which is clearly one-one and onto, and is an i?-overalgebra homomorphism from 
TTQjrResM to k*, where k = kern, because 



. ,e n + i(m n )) 
e n + i(m n )) 



<*(eX(m)) =vf(e 1 + i(m 1 ), 
= v(ei + t(mi), . . 
= f (e) + u(i(m)) 
= w(e) + ^ M (m)) 
= v(e)+*(t$.„ >0) (m)) 

= ^(e)X(^...,0>( m )) 

= «(e)X(«e w (m)); 

thus, x is an isomorphism, and (x,E,ir) is an extension in i?-Mod of x Q by ^ Q ResM, 
i.e., an element of Ev(Q, M). 

The first construction, of i from x, is one-one by corollary |10.3| , but it is also onto, because 
if we start with i and construct x, then we get t back as t = X- Thus, the two mappings 
are inverses to each other. 

If two extensions £ = (x, E, it) and £ = (x, E, it) in i?-Mod of K Q by M are given, 
and 7 : £ ~ £, then from 7*x = 7 Resx we obtain that 70X = o7*oX = oX; whence we have 
a commutative diagram 



OX 



x Q 



E 



OX 



x Q 
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showing that the constructed module extensions remain equivalent, by the customary defi- 
nition. On the other hand, given a commutative diagram 

M — -^-> E > x Q 



7 









M > E > OkQ 

l 7T 

then let x an d X be constructed from i and l\ we have = tc and for all e & E, and 
m G M, 

e 7* e x(m) = e 7*(e + t(m)) 
= 7(e) + 74 (m) 
= 7(e) + t(m) 

= e ( 7 Resx)(m), 

whence 7*% = 7 Resx. Thus, the constructed elements of Ev(Q,M) are equivalent by our 
definition. 

We omit the verifications that this isomorphism between the bifunctors Ev(Q,M) and 
Ext(0 ix Q,qM) of M and Q is natural in both arguments, and that it preserves the abelian 
group operations. □ 

11. Clone Cohomology 

The partial cochain complex which we introduced in §|6], leading to the cohomology group 
we have identified as the set of extensions Ev(A M), can be extended to a full positive 
cochain complex (i.e., with objects C l G Ab[A, V] for all i > 0) and we will do so in this 
section. As we do, we want to make some small changes in our development. We want to 
develop the theory in such a way that, as we did in defining Ev(Q, M) in §|| the resulting 
cohomology objects are bifunctors contravariant in Ov[v4, V] and covariant in Ab[A, V]. In 
addition, we want to express the cochain complex as a result of applying a horn functor to a 
chain complex we will define. Finally, we want to make explicit the simplicial aspect of the 
definition. We will call the resulting cohomology theory clone cohomology, because of the 
role played in the definition by the clone of the variety V. 

The A-sets X^(Q). As a first step, we will define functors : Ov[A, V] -> A-Set. The 

A-sets Xy-(A), for i — 0, 1, and 2, can be seen as the special cases of X\ r (Q) where Q is the 
A-aeb[A,l A ]. 

If Q is an object of Ov[A, V], we will define X^(Q) to be the underlying A-set of {A k 
Q, 7Tq], with the element (a, q) G a X^{Q) being written as [q] a . 

We define X^(Q) to be the A-set given by letting a X^{Q) be the set of triples, written 
[v; q] a , where v G Clo n V for some n, a G A n , and q G a Q mn , and such that i>(a) = a. 



26 WILLIAM H. ROWAN 

If % > 1, we will define a X\ l (Q) to be the set of (i + 2)-tuples, written 

[v ,v u ... ,Vi_i;q] a , 

where i> is an element of Clo no V, for < j < i is an n^-tuple of elements of Clo n .(V), 
a G A 111 - 1 , and q G a Q Kn S all for some natural numbers n , n;_i, and such that 
w vi . . . Vi_i(a) = a. 

Note that i>o, vi, . . . , v,_i can be considered as composable arrows of the theory con- 
structed from Clo V. 

d. First, we will define d directly, making A-Set(X^(Q), M) into a chain complex. Given 
an A-function f : X\ r {Q) — > M, we define <9f by 

(af)[«;q]« = «i f f[q]«-f[«?(q)]«w 

if « = 0, where [q] a stands for ([gi] ai , • • • , [ln]a n ), and otherwise, by 

(9f)[u ,vi,... ,Vi_i;q] a = M^... Vi _i(a) f [ v i> • • ■ ,Vi_i;q] a 

-f[u vi,v 2 , ... ,Vj_i;q] a 
+ f[u ,viv 2 ,... ,Vj_i;q] a 

+ (-l)H[v ,v u . . . ,Vj_iVj,... ,Vi_i;q] a 

+ (-l)*f[u , vi, . . . , Vi_ 2 ; (v i „i) a 3 (q)] Vi _ l(a) , 

where f[vi, . . . ,Vj_i;q] a stands for (f[u n , v 2 , . . . , v^i; q] a , . . . , f[vi„ , v 2 , . . . ,V;_i;q] a ). 

A straightforward computation shows that dd = 0, making A-Set(X^(Q) : M) into a 
cochain complex, which we denote by Cy(Q, M).. 

Another way to arrive at the same cochain complex is to apply the free functor from A- Set 
to Ab[A, V] to the A-sets X l Y (Q), yielding objects d(Q,V) G Ab[A, V]. We then consider 
the simplicial complex of objects of AbL4, V] given by the Ci(Q, V) and face maps <9], for 
i > and < j < i, defined on generators by 

d° [q}a = 0, 

by 

do[v] q] a = v^[q\ a and d\[v; q] a = [u£(q)] w ( a ), 

and by 

^.[u ,vi,... ,Vi_i;q] a 

{( w o)^... Vi _ l(a) [vi,... ,Vi_i;q] a , for j = 0, 

[u , Vi, . . . , Vj_iVj, . . . , Vi_i; q] a , for < j < i, and 
[u ,vi,... ,v i _ 2 ;(v i _i)J(q)] v ._ l( a), for j = i, 
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for i > 2. (Edge maps can also be defined, using projection elements of Clo V, but we have 
no need to do so.) We then form d as the alternating sum of the face maps <9* over j, and 
obtain a chain complex C.(Q, V) such that Ah[A, V](C.(Q, V), M) — Cy(Q, M), the same 
cochain complex we described previously. 

Clone cohomology. We define the clone cohomology objects for Q, with coefficients in 
M, to be the cohomology groups of the cochain complex Cy(Q, M), and denote them by 
# V (Q,M). Clearly, they are bifunctors W : OvL4, V] op x Ab[A, V] -> Ab. 

Note that the clone cohomology objects are defined whether or not the variety V is 
congruence-mo dular . 

Factor sets in terms of Q. We previously defined factor sets of extensions of A by M, 
and then defined extensions of an A-overalgebra Q by M. We have not defined factor sets 
in terms of Q yet, and will not do so in detail. The key fact which allows us to relate our 
previous work with factor sets, and the objects X^(Q) and C^{Q, M), is as follows: 

Theorem 11.1. Fori = 0, I, and 2, the three functors to AbL4, V], 

A-Set(X{f(A x Q), WQ ResM), 

A-Set(X\f(Q),M), and 

C\r(Q,M) 

are naturally isomorphic as bifunctors in Q and M. 

Proof. The first and second functors are naturally isomorphic, because of an adjunction 
between the functor of restriction of A-sets along -kq and the functor from (A x Q)-sets to 
A-sets given by sending an (A x Q)-set {B, 7r] to the A-set \B, ttq o 7r]. 

The second and third functors are naturally isomorphic, because of the adjunction between 
the free functor from A-Set to AbL4, V], and the corresponding forgetful functor. □ 

12. Relative Clone Cohomology V 

The clone cohomology functors H\/{Q,M) are specific to a given variety of algebras V, 
such that Q and M are totally in V. However, the construction of the chain complex used 
in computing them can use a smaller variety V, if M is totally in V. That is, in that case, 
we can form the free object in AbL4, V] on A-set of generators X\^(Q), which we denote by 
Ci,v(Q, V), rather than the free object in AbLA, V] which we denoted by Ci(Q, V). Because 
M is totally in V, the horn functor AbLA, V](— , M) takes these objects to the same abelian 
group. The definition of d also makes sense. As a result, 

Theorem 12.1. If M is totally in V, then the objects C\^(Q,M) and H\ r (Q : M) are also 
totally in V. 
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If Q is also totally in V, then the definition of d for the chain complex C 9 (Q,V) makes 
sense, and there is an obvious homomorphism 7Tj of Ci(Q, V) onto Ci(Q, V) for each i. As 
a result, we have a short exact sequence of complexes in AbL4, V], 

K (Q,V',V) < ^(Q.V'.V) < K 2 (Q,V',V) < ... 



Co,v(Q>V) 



7T 



C (Q,V) 



CiMQ,v) 



Ci(g,v) 



C 2 ,y(Q,V) 



7T 2 



c 2 (g,vo 



where the Ki(Q, V, V) are the kernels of the onto homomorphisms 7Tj. Note that the vertical 
short exact sequences split. For, each generator of Ci(Q,V) can be mapped to a preimage 
in Ciy(Q,V), leading to a splitting of 7Tj. 

Applying the hom functor Ab[A, V](-,M) and denoting AbL4, V](.fQ((2, V, V), M) by 
Cy/ )V (Q) ^f)> we obtain a short exact sequence of complexes of objects of AbLA, V']: 

C%, y {Q,M) > C^ V (Q,M) ► C%, y {Q,M) > ... 



(%(Q,M) 



C^(Q,M) 



C^,(Q,M) 



CUQ,M) 



(%,(Q,M) 



where, again, the vertical sequences are exact. 

We define the relative clone cohomology of Q, with coefficients in M, with respect to the 
inclusion V C V, to be the cohomology objects of the complex C^, V (Q,M), and denote 
these objects by H^, V (Q, M). It is clear that C^{Q,M) and C^,(Q,M) are isomorphic; 
thus, C^/ v(Q, M) = H^, v (<5, M) = 0. We then see that there is a long exact sequence of 
cohomology groups 

-> H\,,(Q, M) -> H^(Q, M) -> H\,, W (Q, M) -> M) — > . . . 

relating the three sets of cohomology objects H^,(Q, M), H^{Q, M), and Hy^ v (Q, M). 

If we have three varieties V" CV'CV such that Q and M are totally in V", then similar 
methods, and standard methods from homological algebra, yield a long exact sequence 

-> H^ I/ V ,(Q, M) -> H^, V (Q, M) -> if^, )V (Q, M) -> H^„ V ,(Q, M) — > . . . 

relating the relative cohomology objects. 



Discussion 



The study of abelian extensions, and the recognition that they form a cohomology group, 
has a considerable history, as does the investigation of cohomology theories in general. We 
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have focussed our attention on the abelian group of extensions, and have defined a cohomol- 
ogy theory that has this algebra as cohomology group in dimension one. Many questions 
remain to be answered about this new cohomology theory, and about its relationship to 
previously-studied theories of cohomology of algebras. We will raise some of those questions 
in this section. 

Categorical algebraists have invented a cohomology theory called comonadic cohomology. 
The theory can be applied to any comonad, but usually, the comonad being used when this 
theory is mentioned is a comonad derived from the free and forgetful functors for the variety 
in question. See [1], [3], and [2]. As in clone cohomology, the theory gives the cohomology 
group of an A-overalgebra (actually, an algebra over A, as the theory is usually developed) 
totally in a variety V to which A belongs, with coefficients in an A-module M totally in V 
(or, as usually expressed, in a Beck module over A). As in clone cohomology, the resolution 
that gives rise to the cohomology objects comes from taking alternating sums of face maps 
of a simplicial complex. 

We are led to ask, what is the relationship of the clone cohomology objects to the 
comonadic cohomology objects? In [3], the comonadic cohomology groups in dimension 
and 1 were studied and interpreted. This was done in the generality of V an arbitrary 
(i.e., not necessarily congruence-modular) variety of algebras of some type. The interpreta- 
tion of the group in dimension 1 is different from our interpretation of the clone cohomology 
group in dimension 1, but, we have proved directly that, for V a congruence- modular variety 
of algebras, the groups are naturally isomorphic. We have not discussed dimension in this 
paper, but the groups in dimension are also isomorphic. (We have not included the proofs 
of these results in this paper.) 

This raises the question, are the groups isomorphic in all dimensions, when V is congruence- 
modular? More generally, are they isomorphic when V is not congruence-modular? It is 
not hard to show that they are isomorphic in dimension 0, but the answer is not known for 
higher dimensions, or even for dimensions higher than 1 in the congruence-modular case. 

For clone cohomology, and for comonadic cohomology for that matter, there is the question, 
when are the resolutions used in the derivation of the cohomology groups exact? Note 
that in both cases, the resolutions are free. Thus, when the resolutions are exact, the 
cohomology functors will be derived functors in the standard sense. Otherwise, for comonadic 
cohomology, there is at least a uniqueness theorem ( [2] ) which characterizes the cohomology 
functors. For clone cohomology, there is not yet such a theorem. 

For some well-known cases, such as the variety of groups, the comonadic and clone co- 
homology groups coincide with the standard cohomology groups which can be defined as 
derived functors in the usual sense. Thus, we can say that we have characterized these 
groups using two different universal properties. What is the significance of the fact that the 
two different universal properties arrive at the same answer? 

Finally, we should mention that there is a formal, at least, resemblence between the 
derivation of the clone cohomology objects, and the construction of the cohomology groups 
of a category. What is the significance of this resemblence? 

To our knowledge, none of the questions have yet been answered. 



30 



WILLIAM H. ROWAN 



Acknowledgement. It is a pleasure to acknowledge helpful discussions and correspondence 
about this topic with Saunders Mac Lane. 

References 

[1] Michael Barr and Jon Beck, Acyclic models and triples, in Proceedings of the La Jolla Conference on 
Categorical Algebra, Springer- Verlag, New York, 1966. 

[2] , Homology and standard constructions, in Seminar on Triples and Categorical Homology Theory, 

Lecture Notes in Mathematics 80, Springer- Verlag, Bcrlin-Hcidelberg-New York, 1969. 

[3] Jonathan Mock Beck, Triples, Algebras and Cohomology, Dissertation, Columbia University, University 
Microfilms International, Ann Arbor, 1967 

[4] Stanley Burris and H. P. Sankappanavar, A Course in Universal Algebra, Graduate Texts in Mathe- 
matics 78, Springer- Verlag, 1981. 

[5] John Duskin, Simplicial methods and the interpretation of "triple" cohomology, Memoirs of the A. M. 
S. 3:163 (1975). 

[6] Samuel Eilenberg, Extensions of general algebras, Ann. Soc. Polonaise Math. 21 (1948) 125-134. 

[7] Ralph Freese and Ralph McKenzie, Commutator Theory for Congruence-modular Varieties, London 

Math. Soc. Lecture Note Series 125. Cambridge University Press, Cambridge, 1987. 
[8] P. J. Hilton and U. Stammbach, A Course In Homological Algebra, Graduate Texts in Mathematics 4, 

Springer- Verlag, New York, 1971. 
[9] John Knopfmachcr, Extensions in varieties of groups and algebras Acta Mathematica 115 (1966) 17-50. 
[10] Saunders Mac Lane, Category Theory for the Working Mathematician, Graduate Texts in Mathematics 

5, Springer- Verlag, New York, 1971. 
[11] , Homology Springer- Verlag, Berlin-Hcidclbcrg, 1975. 

[12] Grace Orzech, Obstruction theory in algebraic categories, I, J. Pure Appl. Algebra 2 (1972) 287-314. 

[13] , Obstruction theory in algebraic categories, II, J. Pure Appl. Algebra 2 (1972) 315-340. 

[14] William H. Rowan, Enveloping Ringoids of Universal Algebras, Dissertation, University of California at 

Berkeley, University Microfilms International, Ann Arbor, 1992. 
[15] , Enveloping ringoids, Algebra Universalis 35 (1996) 202-229. 

[16] Jonathan D. H. Smith, Mal'cev Varieties, Lecture Notes in Mathematics 554, Springer- Verlag, Heidel- 
berg, 1976. 

[17] Charles A. Weibel, An Introduction to Homological Algebra, Cambridge Studies in Advanced Mathe- 
matics 38, Cambridge University Press, New York, 1994. 

48 Shattuck Square, #86, Berkeley, California 94704 
E-mail address: rowan@crl.com 



